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The  p r o b l e m  of n o n s t e a d y - s t a t e  e v a p o r a t i o n  o r  g rowth  of a r a d i a t i n g  d r o p  with u n i f o r m l y  
d i s t r i b u t e d  i n t e r n a l  heat  s o u r c e s  is c o n s i d e r e d .  The Reyno lds  R = u a / v  << 1 and P e c l e t  PD = 
u a / D  << 1 n u m b e r s  a r e  a s s u m e d  to be  s m a l l  (a is  the  r a d i u s  of the  d r o p ,  u the v e l o c i t y  of i t s  
r e l a t i v e  mo t ion ,  and v, D, • the  c o e f f i c i e n t s  of v i s c o s i t y ,  d i f fus ion  and t h e r m a l  d i f f u s i v i t y  of 
the  v a p o r - g a s  med ium) .  Th i s  e n a b l e s  the  c o n v e c t i v e  t r a n s f e r  of v a p o r  and heat  to be  neg -  
l e c t e d ,  and the  c o n c e n t r a t i o n  and t e m p e r a t u r e  f i e ld s  to be r e g a r d e d  as  s p h e r i c a l l y  s y m -  
m e t r i c  [1]. In view of the  fact  tha t  the  d e n s i t y  of s a t u r a t e d  v a p o r  is  l e s s  than  the  d e n s i t y  of 
l iqu id  the  c o n v e c t i v e  flow c a u s e d  by  the change  in r a d i u s  of the  d rop  is not t aken  into account  
[2]. It has  a l r e a d y  been  shown [3,4],  tha t  fo r  ~ << n r  (4 ,  ~ r  a r e  the c o e f f i c i e n t s  of m o l e c u l a r  
and r a d i a t i v e  t h e r m a l  conduc t iv i ty )  t h e r e  e x i s t s  a bounded  r e g i o n  r z. (1/(~) v % - / ~ r  (c~ is the  
a b s o r p t i o n  coe f f i c i en t  for  r a d i a t i o n  in the  gas ) ,  in wh ich  the e f fec t  of r a d i a t i o n  on the t e m -  
p e r a t u r e  r e l a x a t i o n  of the  v a p o r - g a s  m e d i u m  is n e g l i g i b l e .  If the cond i t i on  a << (1/c~) 
is  s a t i s f i e d ,  then the  t e m p e r a t u r e  at the  o u t e r  b o u n d a r y  of th i s  r e g i o n  wi l l  be  p r a c t i c a l l y  the  
s a m e  as  the  t e m p e r a t u r e  at inf in i ty  T = T~ .  Th i s  m e a n s  tha t  t e r m s  in the  e n e r g y  equa t ion  
c o n n e c t e d  with e n e r g y  t r a n s f e r r e d  by  r a d i a t i o n  can  be  ne g l e c t e d .  It is  a s s u m e d  that  the f r e e  
pa th  of m o l e c u l e s  in the  gas  is l e s s  than  the r a d i u s  of the  d r o p ,  and so c o n c e n t r a t i o n  and 
t e m p e r a t u r e  d i s c o n t i n u i t i e s  c l o s e  to the  s u r f a c e  of the  d rop  can  be  n e g l e c t e d  [2]. 

1. F u n d a m e n t a l  Equa t ions .  The  d i f fus ive  and t h e r m a l  r e l a x a t i o n  of a d rop  with  i n t e r n a l  hea t  s o u r c e s  
is  c o n s i d e r e d  when the drop,  which  has  a t e m p e r a t u r e  To , sudden ly  e n t e r s  a m e d i u m  wi th  t e m p e r a t u r e  Too. 
All  quan t i t i e s  r e f e r r i n g  to the  d rop  a r e  deno ted  by  p r i m e d  s y m b o l s ,  and those  r e f e r r i n g  to the  m e d i u m  by 
u n p r i m e d  s y m b o l s .  Q u a n t i t i e s  r e f e r r i n g  to the  b o u n d a r y  have the s u b s c r i p t  a, t hose  r e f e r r i n g  to t ee  f luid 
o r  v a p o r  have the  s u b s c r i p t  1, and t h o s e  r e f e r r i n g  to the  gas  have the s u b s c r i p t  2. Symbo l s  fo r  t o t a l  q u a n -  
t i t i e s  have no s u b s c r i p t s .  Thus  the  t o t a l  n u m b e r  of  m o l e c u l e s  p e r  unit  v o l u m e  is n = nt + n 2. Let  m be  the  
m a s s  of a m o l e c u l e ,  p the  d e n s i t y ,  and v the  r a d i a l  componen t  of v e l o c i t y  of the  m e d i u m .  Then 

Pl = m~nl, P2 = m~n~ (1.1) 

P = Pl -~ P2, pv = ply1 + p~v 2 .  

The n o n s t e a d y - s t a t e  d i f fus ion  equa t ion  for  s m a l l  P e c l e t  n u m b e r s  has  the  f o r m  

t u r e .  

0 2 A0r~ (o*=~ , , o /p  

H e r e  D i s  the  d i f fus ion  coe f f i c i en t ,  k T is the  t h e r m a l  d i f fus ion  r a t i o ,  and T is  the  a b s o l u t e  t e m p e r a -  
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In a c c o r d a n c e  with the  t h e o r y  of Chapman  and E n s k o g  [5] fo r  a b i n a r y  m i x t u r e  at c o n s t a n t  p r e s s u r e  
and in the  a b s e n c e  of  e x t e r n a l  f o r c e s ,  the  r e l a t i v e  v e l o c i t y  of the  c o m p o n e n t s  is, in fact, 

n z ( 5̀  n~ kT ST\ 
(1.3) 

If the vapor-gas mixture is treated as an ideal gas, equation (1.3) can be transformed to the form 

(1.4) 

The  equa t ions  of con t inu i ty  

Op1 , 5̀  2' 5̀p~ / 5̀  2 \  
(1.5) 

and Eq. (1.3) g ive  

2 5̀  
6 ' l :  , . ' (1.6) 

F u r t h e r ,  e l i m i n a t i n g  v 1 f r o m  Eqs .  (1.1) and (1.3) we ob t a in  

1 / Opl aT\ 
vz=v+-~2kD*~- + A ' ~ )  . (1.7) 

K we se t  (1.7) in Eq. 0 . 6 )  the d i f fus ion  equa t ion  a s s u m e s  the  f o r m  

Opl /'0 2\plv=(0~_] 2)/k D*'~Opx + A ~).OT 
-~  + to~ + T)  (1.8) 

The c o n v e c t i v e  t e r m  in Eq. (1.8) can  be n e g l e c t e d  b e c a u s e  of the  l a r g e  d i f f e r e n c e  in d e n s i t i e s  of the  
l iquid  and g a s e o u s  p h a s e s ,  and Eq. (1.2) ob ta ined .  

When the  b o u n d a r y  cond i t i on  v 2 = a fo r  r = a(t) (a is  the  v e l o c i t y  of mot ion  of  the  p h a s e  boundary)  is 
t a k e n  into accoun t ,  the  v a p o r  flux d e n s i t y  at the  s u r f a c e  of  the d r o p  is 

/ = P l a ( v , a - - a ' ) =  - - [ ~  (D*aPI-FAOT~I 
7r ar ].]a" (1.9) 

The saturated vapour concentration Pa is a known function of temperature. For the case in which 

there is a small temperature differential between the surface of the drop and the temperature of the me- 

dium far from the drop this function can be approximated by the linear function 

P~. ---- P~  [ t - - F ~ ( T a - - T ~ ) ] T ~ ] ,  (1.10) 

The  t i m e  v a r i a t i o n  of t e m p e r a t u r e  at the  s u r f a c e  of the  d rop  is d e t e r m i n e d  by  so lv ing  the  heat  p r o b -  
l em.  

Assuming that energy transport from the drop to the gas occurs by way of radiation, diffusion, ther- 

mal conductivity, and a diffusive thermal effect, we obtain the following equation for the temperature dis- 
tribution in the gas: 

aT (3~ , 2~[ ,OT 

I i nkrP] (i.ii) 
pCp plp~ ] 

5 l nkT P 1 
%*--" % -  pcv 
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H e r e  X = ~ / p C p  is the coe f f i c i en t  of  t h e r m a l  d i f fu s iv i t y ,  Cp is the  s p e c i f i c  heat ,  and k is  B o l t z m a n n ' s  
cons t an t .  

Since the  t e m p e r a t u r e  and c o n c e n t r a t i o n  d i f f e r e n t i a l  is  a s s u m e d  to be r e l a t i v e l y  s m a l l ,  i . e . ,  

the  c o e f f i c i e n t s  D*, X*, A and B in Eqs .  (1.2) and (1.11) can  be  t r e a t e d  as  c o n s t a n t s .  The f lux of r a d i a t i v e  
e n e r g y  in the  r e g i o n  a r  << ~ (~ << ~ r )  is [4] 

S r : g~ (Ta 4 - -  T~4!  a ~ / r  ~ ~ 4g~Tc~3 (T  a - -  Too ) a ~ ] r ~ , (1.12) 

H e r e  o~ is the  r a d i a t i o n  a b s o r p t i o n  coe f f i c i en t  in the  ga s ,  ~ r  is  the  coe f f i c i en t  of r a d i a t i v e  t h e r m a l  
conduc t i v i t y ,  (r is  the S t e f a n - B o l t z m a n n  c o n s t a n t ,  and s is  the  e f f ec t ive  d e g r e e  of b l a c k n e s s  of the  s u r f a c e  
of the d rop  s u r r o u n d e d  by  v a p o r .  The e n e r g y  flux t r a n s f e r r e d  by  d i f fus ion  as  the  r e s u l t  of the  d i f f e r e n c e  in 
e n t h a l p i e s  of the  d i f fus ing  s u b s t a n c e s ,  is g iven  by  [5] 

S ~  = ~/2kT (n1~1 ~- n2% - -  n~) . (1.13) 

Equa t ion  (1.13) can  be  r e d u c e d  to the  fo l lowing  f o r m  with  the  help  of equa t ions  (1.1) and (1.3) and the 
de f in i t i on  of  the  e f f ec t i ve  d i f fus ion  c o e f f i c i e n t  D*: 

5 / t i \ )  , 0pl 
SD =~-kT - -  - -  D * - -  A ~-)  (1.14) ~ - . , ~ ) ~  0, + �9 

The e n e r g y  t r a n s f e r  c a u s e d  by  the  d i f fu s ive  t h e r m a l  e f fec t  can be  c a l c u l a t e d  f r o m  [5] the  equa t ion  

nkTkTP  / Opl OT\  
S t ~ n k T k  T ( v i - - v ~ ) = - -  pxpz k D*-~"  -~- A ~ ) ,  (1.15) 

The e n e r g y  flux t r a n s f e r r e d  by  t h e r m a l  c o n d u c t i v i t y  in a v a p o r - g a s  m e d i u m  wi th  a coe f f i c i en t  of 

t h e r m a l  c o n d u c t i v i t y  ~ is  

OT 
s . = -  • . (1.16) 

The  e n e r g y  t r a n s p o r t  equa t ion  in a v a p o r - g a s  m e d i u m  has  the  fo l lowing  f o r m  when t e r m s  a s s o c i a t e d  
with  the m e a n  m a s s  f lux and i n t e r n a l  f r i c t i o n  p r o c e s s e s  a r e  omi t t ed :  

OT [ 0 2 \ 
pc~, ~7 + ~ + -7) (s .  + s D + s t  + s~) = o .  (1.17) 

R e m e m b e r i n g  tha t ,  in a c c o r d a n c e  with (1.12), 

0 2 

we can  ob ta in  Eq. (1.11) f r o m  (1.17). 

The  e n e r g y  t r a n s p o r t  equa t ion  fo r  r < a is  

OT' [ 0 2 \ OT' q 
0w = ~' \ ~  ~- 7 ) w  + - - "  (1.1s) p'cp' 

H e r e  q is  the  i n t e n s i t y  of i n t e r n a l  heat  s o u r c e s  p e r  unit  v o l u m e  of the  d rop .  The in i t i a l  and b o u n d a r y  
cond i t i ons  for  the  s y s t e m  of equa t ions  (1.2),  (1.11), and {1.18) a r e  

T ~ = To, ' T = Too, Pl = Px~ for t : 0, r --~ a 

T ' = # c ~  for r - - 0 ,  T----~Too, pl--->ploo for r---~co 
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T = T" = Ta, [:)1 = Pta for r = a,  t =@ 0 

- ~ (og)o + ~ o ~  ~ o -  ~=) - ~ [~  * ;~ ~, ~-~'~'~ = _  ~, (~)o~ (1.19) 

H e r e  L is  the  s p e c i f i c  heat  of v a p o r i z a t i o n  at the  t e m p e r a t u r e  of the s u r f a c e .  The las t  of cond i t ions  
(1.19) i n d i c a t e s  the  e n e r g y  flux b a l a n c e  at the  s u r f a c e  of the  d rop .  It should  be noted that  an e r r o r  was 
m a d e  in [10] in d e t e r m i n i n g  y. 

2. C a l c u l a t i o n  of the  T e m p e r a t u r e  D i s t r i b u t i o n .  A so lu t ion  of Eqs.  (1.2), (1.11), and {1.18) wi th  e q u a -  
t ions  (1.19) can  be sought  wi th  the help of  the  L a p l a c e  t r a n s f o r m s  

o~ _ ~ "-- G = r-T-~ " -p~~  e-Stdt 'F = e-~dt,  F '  = r__. e_~dt ' . 
a J 1"~ a 'd Pl~O 

o o o 

The L a p l a c e  t r a n s f o r m s  of  the  in i t i a l  equa t ions  a r e  

sG = D* d~a d~F ( + ~A* ~ A* = .4 T~ ] 
�9 P l C ~ /  

s F  ---- %* d~F d=O ( B PlO0 - -  s B * - ~  B *  = -T--~ ] 

d~F ' . 3~' r 
s F ' = x '  ~ q -  ~ Q - t -  -T$ " a Q = "3• " 

(2.1) 

The b o u n d a r y  cond i t i ons  b e c o m e  

F ' = O  for r = 0 ,  F--+O, G--+0 for r--->~ 

C=CR__oPSCO--PlO0 ~ , ] ~ ,  f i l t= f i i= l~a  ([~$ = [~ PSO0~ for r--~ a 
SPlco Ploo] 

' - x ,  _,,,~,rr<,o~ o<,1, (>,+A,~.,)(g)o ,<,,'<',"~ a (x* - -  D*T*[t*) F I  L \ d r ' - } a  i "a' ,- I  = - -  \ - ~ 7 ; A  

x * = u + 4 a e ~ T ~  a + A * T * + T * D * [ 3 * ,  T * = T  To o } -  

The fo l lowing  func t ions  a r e  a s o l u t i o n  of t h e s e  equa t ions  for  the known b o u n d a r y  v a l u e s  G a F a :  

(2.2) 

G = Gtexp l - -  ~tl ] / -s(r  - -  a)l + G2exp [ - -  1% V-~'(r - a)] 

F = F t e x p  [ - -  ~t V-~-( r - -  a)] + F ,  exp [- -  ~ V-s(r - a)] 

F'= p ~ , V ~ x ' , .  i (31'(~ r 0 - r ~ )  , shrV,-T7) 
- - % h a V ~ - - - F k - T k T - + ~ ]  ( a  Sh a ]/- s'-7~ 

Gz(t  + A ) =  G~ 1--I*~D * '  I -  ~.~2iD :~ 

, ~ { B * a a  ~I~B*Cl F~ ( t  + A) = Fa  + ~ _ ta~z, F~( t  + A ) - -  l _ t~z ,  

= [  ]' ~r"Jb~ ~A*B* ~1,~ Z*-[- D* ~--- V-iz*-- D*)"~--4A*B * t~ A = 
- 2 (x'D* .q- A'B*) (1 - -  ~ ' ~ * )  (f - -  p,z~D*) " 

(2.3) 

We h a v e ,  f r o m  e q u a t i o n s  (2.3),  

(1 + A)~ 1 ~ ]  
(2.4) 
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In se r t i ng  (2.4) in the boundary  condi t ions  (2.2) we obtain 

a ~ M + N ~/'~ + [3Q /p + (To -- Too) / Tool (t -- u p cth ]/'p) 

p a~sl% ', M = T * D * ( p , ~  o Pxoo)/ P~oo M * = f - - u * / z '  

(I .{. -A-)2Z*plO o 

",'*D* (p,:t + p,IA + p.~A) (R* " p,z'A* '/1/'-Z--; 

• (t + A)~ 

(2.5) 

It fo l lows f r o m  equat ions  (2.5) tha t  

Tg (t) -- Too t z~ioo [p)(t\ dp M + N ]/'7.{- [3Q / p + (To -- T )  / Too ] (t - - ] / 'pc th  ~ :~ eXP ~ -di-) P - '  
M, =- N, Vp -- Vpcth ]/-p- 

(2.6) 

If we do not take into account  the in terna l  gene ra t ion  of heat and e n e r g y  t r a n s p o r t  by rad ia t ion  and 
diffusion,  then for  P2 ~ P equa t ion(2 .6)should  coincide  with the r e su l t  [6, 7] p r e v i o u s l y  obtained by another  
method.  The c o r r e s p o n d i n g  equa t ions  in p a p e r s  [6, 7] a re ,  however ,  given in a somewhat  i n c o r r e c t  fo rm,  
s ince  a f ac to r  1/2 was omi t ted  in ca lcu la t ing  the Lap lace  t r a n s f o r m  of 4t. Moreove r ,  in ca lcu la t ing  the 
t e m p e r a t u r e  in p a p e r s  [6, 7] the au thors  did not note that po les  of  the in tegrand a re  s i tuated outs ide  the 
r eg ion  ]argp[ < ~. 

The in tegrand has a b r a n c h  point  at p = 0. A s e a r c h  for  the poles  of  the in tegrand r e d u c e s  to inves t i -  
ga t ing the r o o t s  of the equat ion 

M, -- N, VT--  Vpcth ] /7 - -  o, (2.7) 

If r oo t s  of this  equat ion exis t  for  [Pl << 1 then it is suff ic ient  to confine o u r s e l v e s  to the f i r s t  t e r m s  
of the Tay lo r  expans ion  of c th ~fp when s e a r c h i n g  for  them:  

p + 3N, ~f-p + 3 ( l - - i , ) = O .  (2.8) 

Since 1 - M ,  > 0, N ,  > 0, the roo t s  of this  equat ion ~fPl and r a r e  s i tuated on the le f t -hand side of 
the p lane  of  the complex  va r i ab l e  ~p s y m m e t r i c a l l y  r e l a t ive  to the r ea l  axis .  Thus these  s ingu la r i t i e s  tu rn  
out to be outs ide  the p r inc ip l e  b r a n c h  of a rg  p in the p plane.  

In addit ion to these  roo t s  t he re  exis t  r oo t s  for  N ,  << 1 whose pos i t ion  is d e t e r m i n e d  by the fol lowing 
equat ion in the z e r o t h  approx imat ion :  

ff 1 - M * < < I  then [8] 

M , =  Vp-~ cth V p ~ ,  (2.9) 

3 o - -  " !1%, .%-~(k+1/~) ~ (k= t , 2  . . . .  ) (2.10) l f p ~  --=E~k~, I r k = % - -  . . . ,  . 

If c o r r e c t i o n s  a re  sought  in the fol lowing app rox ima t ion  f - ~ =  p f ~  + el<, then we have f r o m  (2.7) 

~= N . ] ( ~  sh' ~ I 0/'~-~ ~ ~ sh'~/~o) ch ) f~k  ~ ,~"  N. sin' y~. (2.11) 

It is c l e a r  f r o m  this  that  these  po les  a r e  a lso  s i tua ted  outs ide  the p r inc ip l e  b r a n c h  of a rg  p. A s i m i -  
lar  s i tua t ion  a r i s e s  f o r  any N .  > 0. In fact  the roo t s  of Eq. {2.7) for  [Pl >> 1 a r e  given in the ze ro th  a p -  
p r o x i m a t i o n  by 

1 / 7 =  1[~ Ln [(N. 2_ t)/~(N, +t)1 . (2.12) 

It is c l e a r  that  ReV-p < 0 for  N ,  > 0. 
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Thus the in tegrand does not have po les  in the r eg ion  [arg p] < 7r. Ca lcu ia t ion  of the in tegra l  in (2.6) 
consequen t ly  r e d u c e s  to ca lcu la t ing  "the in t eg ra l s  along the lower  and upper  boundar i e s  of the b r a n c h  cut 
made  along the nega t ive  p a r t  of the r ea l  axis ,  and the in tegra l  a round a c i r c l e  of infinitely smal l  r ad ius  
enc los ing  p = 0. 

Thus 

Too ~ t~--:--M-~* -i- ~ J t//~ I N ( M * - -  } fpc tgY 'P)  4- M N * - - N *  
0 

--  ~ ] ( t - -  f p c t h  VP)] [ ( M , - -  Vpcth-I /p)2-[  - N,~p] -~  

~ ) - -  r~--M-,Q --  M + _~_1 o [ N ( z c t g z - -  M * ) - -  M IY * x e x p ( _  p~'t\ 
- - o o  

+ N ,  (3Q T o - - T r  z~ ~ } ( t - - z c t g z ) ] [ ( z c t g z - - M * ) ~ - b N * ~ z 2 ] - ~ e x p (  z2.~-j f t \ 'az .  

(2.13) 

Since 1 - M,  << 1 for  ga se s  usual ly ,  the in tegrand r e a c h e s  a m a x i m u m  with ef fec t ive  width of o r d e r  
N ,  at the points  z I = ~:]3(1 - M,) -9/4 N ,  2, s i tuated in the reg ion  Izl << 1. The pos i t ion  of the second  m a x i -  
m u m  c o r r e s p o n d s  a p p r o x i m a t e l y  to z 2 = ~:3/27r. 

If 
% ~ t ~ - - < x  ('% = 4 a  219a2;~ ", 1 :=  a ~ ] 3 x  " ( t - M , ) )  

then the in tegrand can be taken  to be nonze ro  only in the reg ion  ]z] ~ zl,  s ince  the r e m a i n i n g  m a x i m a  of the 
in tegrand whose pos i t ions  ean be d e t e r m i n e d  f r o m  the equat ion M ,  tg z = z in the ze ro th  approx imat ion ,  
con t r ibu te  negl ig ib ly  to the in tegra l  b e c a u s e  of the p r e s e n c e  of an exponent ia l  fac tor .  

Thus for  N ,  << z I the in tegra l  (2.13) can  be r e p r e s e n t e d  in the f o r m  

T a - - T ~  Q--M 1 (3Q ~ ) ( t - - h c t g h )  
Too -- I - - M ,  ~ N ,  k zf~ 

(2.14) 
9dz = Q - -  M T o -  Too Q - -  M 

- - c o  

In the absence  of e n e r g y  t r a n s f e r  by r ad ia t ion  and diffusion,  and also when the re  is no t h e r m a l  d i f -  
fus ion o r  d i f fus ive  t h e r m a l  effect ,  the e x p r e s s i o n  for  -r co inc ides  with that obtained p r e v i o u s l y  [6, 7]. 

The c h a r a c t e r i s t i c  t e m p e r a t u r e  re laxa t ion  t ime at the su r f ace  of the drop can be e s t i m a t e d  a s s u m i n g  
that  the change in T a is a much Mower p r o c e s s  than the e s t ab l i shmen t  of concen t r a t ion  and t e m p e r a t u r e  
f ields for  cons tant  bounda ry  condi t ions .*  

Equat ion (1.18) and the boundary  condi t ion (1.19) give 

a 

p'c; \('r~OT'--- - -  ctr ----= _ q + z'(OT'~ q + TD* (OPl~--4e~Tc~S(Tu--Tcc) + (:4 + AT) (~-)0T 
0 aS Ot 3 \ - ~ ] a = Y  \ a r i a  a" 
0 

(2.15) 

If t >> a2/)~ ', t >> a2/)~ *, t >> a2/D * we m a y  make the fol lowing approx ima t ion  in the lef t -hand side of 
Eq. (2.15): 

0 d 
b7 T' (r, t) ~ 37 Ta (t). 

*Yu. S. Sedunov, Formation Kinetics of a Cloud Spectrum, Doctoral Dissertation, 1967. 
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The t e m p e r a t u r e  and c o n c e n t r a t i o n  f i e l d s  wi l l  then be  c l o s e  to s t e a d y - s t a t e  f i e l d s  c o r r e s p o n d i n g  to 
the  i n s t a n t a n e o u s  v a l u e s  of the  b o u n d a r y  cond i t ions  

0I' I T~ --  Too (0pl~ Psoo-- Ploo ~Pscr (Ta --  Too) 
~'7 ]~ a ' \"~'.1~ = - -  a aT~  " (2.16) 

I n s e r t i n g  (2.16) in Eq. (2.15) we ob t a in  

a" , , dTa qa ( ~Ps(~ D* \ 
"~ p cp dt - -  3 - -7D*(Ps~o--Plco)- -  u§  a §  T §  ~ ) ( T  a-1,cr ~ (2.17) 

This  l e a d s  to a r e s u l t  which  c o r r e s p o n d s  with  that  ob t a ined  p r e v i o u s l y ,  i . e . ,  "r = a 2 / 3 •  - M,) .  

F o r  l a r g e  t i m e s  when the  i n e q u a l i t i e s  

t ~ ,  t > ~ . ~  (~o = N , ~ v l  (i - -  M, ) )  

a r e  fu l f i l l ed ,  the  m a i n  c o n t r i b u t i o n  to the  i n t e g r a l  (2.13) c o m e s  f r o m  the  s m a l l  ne ighborhood  of the  po in t  
z = O, wi th in  the  l i m i t s  of which  

z ~ - ~ 3 ( i - M , ) ,  N , ~ z  ~ ( I - M , )  ~, 

In c a l c u l a t i n g  the i n t e g r a l  in f ront  of  the  exponen t i a l  func t ion ,  the  a s y m p t o t i c  va lue  for  s m a l l  z m a y  

be u sed  to r e p l a c e  it :  

T a - - T :  Q - - M  . N. ~ a ] 

Too = i ~ - - ~ - ~ ,  [ t - - ( Q - - - - ' ~ - I - C - - M , ]  y ' ~ - - ~ j  " (2.18) 

If the  cond i t i on  N ,  2 >> 1 - M ,  w e r e  s a t i s f i e d  then  the quan t i ty  %0 would be  the  c h a r a c t e r i s t i c  t e m -  
p e r a t u r e  r e l a x a t i o n  t i m e  at the  s u r f a c e  of  the  d rop .  H o w e v e r ,  only  the  c a s e  T >> ~'~ is e v i d e n t l y  r e a l i z e d .  

F o r  t i m e s  t >> ~- the  t e m p e r a t u r e  at the  s u r f a c e  d i f f e r s  l i t t l e  f r o m  the s t e a d y - s t a t e  t e m p e r a t u r e  and,  
as  is  c l e a r  f r o m  Eq. (2.17), hea t  l o s s e s  in w a r m i n g  the  d rop  can  be  n e g l e c t e d  in th i s  c a s e .  

In the  a b s e n c e  of heat  t r a n s f e r  by  d i f fus ion ,  t h e r m a l  d i f fus ion ,  and t h e r m a l - e f f e c t  d i f fus ion  (A = B = 
0) the d i f fus ive  and t h e r m a l  f luxes  in the  gas  for  c o n s t a n t  b o u n d a r y  cond i t i ons  a r e  known [9] to v a r y  as  

fo l lows:  

- 
i = p~T (P~o --  P~oo) i + 

'4 T a 

The heat  f lux t r a n s f e r r e d  by  m o l e c u l a r  t h e r m a l  c o n d u c t i v i t y  in the  d rop  is  t aken  to be  equal  to i ts  

s t e a d y  s t a t e  v a l u e  [10] 

~,[OT' I , 
\"O'7]a = "~ qa . (2 .20)  

The equation of balance for the energy fluxes at the boundary of the drop has the form 

~r T a "~D* (2.21) 

Equa t ion  (2.21) t o g e t h e r  wi th  the  b o u n d a r y  cond i t ion  (1.10) e n a b l e s  us  to c a l c u l a t e  the  change  in t e m -  
p e r a t u r e  at the  s u r f a c e  of the d rop  for  l a r g e  t i m e s  

Ya--Yoo ~r - -  7*D* (Pla - -  plOO) [ ( "~'/~" (Pla - -  Pl oo) . ~r IFD--~]% -l- 13*'/*D' ~l ~ D , t ]  
Too - -  Plco (}r -1- 4ae~Tcoa -~ ~*~:*D*) 1 - -  (u'ploG Q - -  ~/*D* (Pla - -  91'oo) "t- ~ § 4assTco8 § ~*y*D* ] , (2 .22)  
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This  equat ion  co inc ides  with (2.187 if we take A = B = O in the l a t t e r .  

3. The Dif fus ion  Flux and Heat Flux Caused by Molecu l a r  T h e r m a l  Conduct ivi ty .  The Laplace  t r a n s -  
f o r m s  of t h a t p a r t  of the d i f fus ive  flux J0 p r o p o r t i o n a l  to the c o n c e n t r a t i o n  g rad i en t ,  and of the ene rgy  flux 
S~ t r a n s f e r r e d  by m o l e c u l a r  t h e r m a l  conduc t iv i ty ,  have the f o r m  

j(s)~_ ! ]o(t)exp(_st)dt ` / ( s t =  S• 
o o 

(3.1) 

It follows f r o m  equa t ions  (1.9) and (1.16) tha t  

] (S) ~--- pD* V ~ ' ~D S )  PsOO - -  Ploo 

Ploo Y~ 
a ~ (~i + ~2A + ~ A )  ~ a ~ (la~ + ~ A  + l~iA) 2 

"~D = ~ (1 + A) ~ , ~x = ~(1 + A) ~ 

V ~  = a ( ~  - -  ~ + ~A)  ~ B *  / V~ (i + A) ~ (4 - -  ~ Z * ) .  

(3.2) 

In o r d e r  to find the i n v e r s e  t r a n s f o r m s  of equa t ions  (3.2) we m u s t  ca l cu la t e  

2gi I ] / s F a ( s )  exp(s t )  ds - -  V'~-na 
r -oo 

{M - -  [3Q / z ~ - -  (To - -  Too) / Too]} ( M ,  - -  z ctg z) - -  NN' ,z  2 
( M ,  - -  z ctg z) '~ + N,~z ~ 

For  t i m e s  in the i n t e rva l  T O << t ~. ~r 

z~%'t, 

,+ioa 
2_ 2~i I ]/-sFa(s) e x p ( s t ) d t : - - 3 N l ~ " e x P ( T t )  ~ 

r 

F o r  l a r g e  t i m e s  t >> ~" 

a+'~oo 
~ V ' s F  a (s) exp (st) dt - -  Q - -  M t 

2Tti J O--ioo 

Thus for  t i m e s  T O -< t 4 ~- on condi t ion  that  N ,  2 << 1 - M ,  << 1 

pD* [,, ~mpioo)(1~ ~) Ta(t)--Too 

(3.4) 

(3.5) 

3 N : . . / ~  [ ~  Olcolbz ~A* ) 

A q u a s i - s t e a d y - s t a t e  evapo ra t i on  r e g i m e ,  i .e . ,  a r e g i m e  for  which the de ns i t y  of the d i f fus ive  flux is 
d e t e r m i n e d  by the i n s t an t aneous  value  of the t e m p e r a t u r e  at the su r f a c e  of the drop,  c l e a r l y  e x i s t s ,  f r o m  
(3.6), if the fol lowing inequa l i t i e s  a re  s a t i s f i e s  s i m u l t a n e o u s l y :  

To--T o 3NVgZ'TD (~ps~ ?ico~A*~[ 
t >~ ~ ,  ~ ~ ~ o  t--  ~D* ] 

T o = T~[i-]- ((2-- M)](i  - -M,) ] .  
(3.7) 

Here T c is the temperature at the drop surface for a steady-state evaporation regime. 
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If A - B - 0 then the condi t ion  for  a s t e a d y - s t a t e  e va po r a t i on  r e g i m e  (3.6) to exis t  for  t i m e s  ~-0 << t 

~- can  be t r a n s f o r m e d  to the f o r m  

p'cv'] To - -  T~ I>~ 3L[ p~o~ - -  ploo [ (p/p~) (3.8) 

Thus  when the condi t ion  N ,  2 << 1 - M ,  << 1 is fulf i l led a q u a s l - s t e a d y - s t a t e e v a p o r a t i o n  r e g i m e  
ex i s t s  for  the drop in the t i m e  i n t e r v a l  % << t ~ "r if the quant i ty  of heat abso rbed  or  l i be ra t ed  p e r  uni t  v o l -  
ume  of the drop in its t e m p e r a t u r e  r e l a x a t i o n  p r o c e s s  is c o n s i d e r a b l y  in exces s  of the heat l o s se s  p e r  unit  
vo lume of the v a p o r - g a s  m e d i u m ,  a s s o c i a t e d  with the ph~.se t r a n s i t i o n  when the vapor  c o n c e n t r a t i o n  
changes  by an amount  Ips~o - pl~ol. 

The r e s u l t  of (3.8) is  absen t  f r o m  [6], where  the s tudy of the q u a s i - s t e a d y - s t a t e  r e g i m e  was r e -  
s t r i c t e d  to e x a m i n a t i o n  of whe the r  the condi t ion  N ,  2 << 1 - - M ,  was met .  

When the condi t ions  N ,  2 << 1 - M ,  << 1 a r e  sa t i s f i ed  the heat flux for t i m e s  % << t ~ ~- is 

S. = T To~ + P~ l/-i 

It is thus c l e a r  that a q u a s i - s t e a d y - s t a t e  r e g i m e  ex i s t s  for the heat flux if 

(3.9) 

(3.10) 

For  the p a r t i c u l a r  ca se  A = B = O, (3.10) a s s u m e s  the f o r m  

P'%'l  To --  To r ~ 3 L  l / D * / X  f9 ,oo- -P~l  (P/9~) , (3.11) 

It follows f r o m  equa t ions  (3.8) and (3.11) that  the condi t ions  for a q u a s i - s t e a d y - s t a t e  r e g i m e  to exis t  
fo r  the d i f fus ive  and heat f luxes a re  in fact the s a me .  

Changes  in the d i f fus ive  and heat f luxes for  l a r ge  t i m e s  t >> "r a r e  d e s c r i b e d  by the equa t ions  

}0 (t) = p--~-U [[P,oo - -  ply) -b - ~ )  -{- ~p,~ -T~ ~ ]  ~ ~~: [ 

UToo[Ta(t)--T~o (ps+--pico) V~ 1 (3.12) 

L + p~ ~ 0 - M,~ V-i ] -  " 

Let the condi t ions  A = B = 0 be fulf i l led.  It is c l e a r  f r o m  (3.12) that any change in the d i f fus ive  and 

heat f luxes o c c u r s  with c h a r a c t e r i s t i c  t i m e s  v D and ~-• 

When condi t ions  v >> ~-D, "r >> v• t >> v a r e  ful f i l led  we can  expec t t ha t  the d i f fus ive  and heat f luxes 

wil l  be p r a c t i c a l l y  the s a m e  as t h e i r  s t eady- s t a t e  va lues .  

The au thors  a re  g ra te fu l  to V. G. Levich  for  d i s c u s s i n g  the r e s u l t s  of the pape r .  
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